We study the Gribov problem in four-dimensional topological Yang-Mills theories following the BaulieuSinger approach in the (anti-)self-dual Landau gauges. As suggested by the tree-level exactness of the model in this gauge choice, the Gribov copies are shown to be inoffensive at the quantum level. To be more precise, following Gribov, we discuss the path integral restriction to the Gribov horizon. The associated gap equation, which fixes the so-called Gribov parameter, is however shown to only possess a trivial solution, making the restriction obsolete. We relate this to the absence of radiative corrections in both gauge and ghost sectors. We give further evidence by employing the renormalization group which shows that, for this kind of topological model, the gap equation indeed forbids the introduction of a massive Gribov parameter.
Topological Yang-Mills theories in the (anti-)self-dual Landau gauges
In this paper, we will consider the local quantum field theory description of topological Yang-Mills degrees of freedom, as described by the seminal work of Witten [1] . The observables of such a theory are not dynamically propagating field excitations (there are none), rather they are exclusively given by topological invariants, in case the Donaldson polynomials [2] for four-dimensional SU(N ) topological Yang-Mills theories. A nice review paper on general aspects is [3] . The local BRST description of such topological quantum field theories was introduced in [4] and further worked out in [5, 6] .
The manifold we construct the theory is a four-dimensional spacetime which is assumed to be Euclidean and flat. Following the Baulieu-Singer approach [4] , the topological action S 0 [A] in four-dimensional space-time 
The BRST symmetry and gauge fixing
Following the BRST quantization procedure, the gauge parameters present in the gauge transformations (1. Beyond the gauge fixing of the topological ghost (1.8), we must interpret the requirement of two extra gauge fixings due to the fact that the gauge field possesses two independent gauge symmetries. In this sense the condition (1.7) fixes the usual Yang-Mills symmetry δA a µ = D ab µ ω b , and the second one, (1.9), the topological shift δA a µ = α a µ . The (anti-)self-dual condition for the field strength is convenient to identify the well-known observables of topological theories in four dimensions (see [3] ) known as Donaldson polynomials [2] , that are described in terms of the instantons -in which we are interested in here. This condition on F µν (1.9), which is indirectly a condition on the gauge field as F µν only depends on A a µ , corresponds to the gauge fixing of the field strength itself, because F a µν also transforms as a gauge field, cf. (1.4). The first gauge condition on A a µ fixes the information about its divergence while the second one restricts its curl freedom, in such a way that, from the point of view of the four-dimensional Helmholtz theorem [8] , the gauge field is well-defined-disregarding the Gribov copies for a moment.
The complete gauge-fixed action in the (A)SDL gauges then takes the form 10) for all fields Φ ≡ {A, ψ, c, φ,c, b,φ,η,χ, B}, where
The last two terms, which are BRST trivial, were added for later computational convenience; it is understood that, at the end, the limits β → 0, α → 0 must be taken.
The action (1.11) enjoys a rich set of Ward identities, including the vector supersymmetry 3 [6] . One can also prove that the gauge field propagator vanishes to all orders in perturbation theory [9] , and, consequently, that the theory is completely free of radiative corrections. In other words, that the theory is tree-level exact [10] . The (topological) observables of the theory are then defined as the elements of a BRST cohomology (gauge invariant operators) that also does not depend on c, see [3, 5] , thereby defining an equivariant cohomology. That the standard cohomology is trivial can be seen by using shifted variables [5] in which case the new variables always appear as doublets, i.e., cohomologically trivial [11] . In [12] , see also [13] , it was shown one can evade the complications of having to deal with expliciting an equivariant cohomology, rather the observables in field space can also be defined from a constrained BRST cohomological analysis. The particular space of observables was shown to contain only polynomials of φ, without spacetime derivatives. These correspond to the Donaldson polynomials [14] .
As we shall discuss later, the tree-level exactness persists when the Gribov gauge fixing ambiguity is dealt with a la Gribov-Zwanziger [15] [16] [17] , thereby indicating that the Gribov copies are inoffensive for this type of topological theory. This then also shows that the algebraic setup of [5] remains valid, even when Gribov copies are taken into account. Before doing so, let us first briefly discuss the Gribov problem.
Gribov ambiguities
To write down the conditions for the existence of Gribov copies, i.e., the possibility of having multiple solutions to the gauge fixing constraints, we start with the gauge field. Let A 
Similarly, the gauge condition (1.8) features infinitesimal copies if
In the current context, there is the possibility for the field strength gauge condition F a µν to have copies as well. This is a novelty introduced by the topological model, insofar as, in the usual Yang-Mills theory, F a µν is completely defined by the first constraint on A a µ (1.7), while in the topological case there is another independent gauge ambiguity involving A a µ , which is reflected in the behavior of the field strength that also transforms as a gauge field (1.4), as we discussed above. From the (anti-)self-dual gauge fixing (1.9), the new condition is obtained as follows
In summary, the conditions for the existence of infinitesimal Gribov copies for the three local gauge parameters of the model are
We must verify if the system of equations (2.6)-(2.8) allows for (normalizable) zero modes. If we set α µ = 0, the third equation trivializes, while the first two reduce to 10) which shows that there is a sector for a particular configuration of the gauge parameters in which the usual Gribov copies are present. Indeed, these two copies equations are identical to the one which characterizes the infinitesimal Gribov problem in Yang-Mills theories in the Landau gauge [15] [16] [17] [18] [19] [20] [21] .
Analyzing the third equation separately, we can easily check that this equation also allows for zero modes. For h(x) ∈ G, we know that h −1 ∂ µ h belongs to the Lie algebra defined by the gauge group G, i.e., h
is a scalar function for each µ (and a) and T a are the generators of the Lie algebra. Moreover, as it is well-known from studies of instantons [3] .
where
, by using 12) we will get in both terms of (2.8) the expression (2.11), which shows in a simple way that (2.8) admits zero modes as well.
In the following, we discuss the relevance of these copies in view of the instanton properties of the moduli space and develop a strategy to eliminate them from the path integration.
Elimination of the copies
In order to eliminate the ambiguities related to the infinitesimal Gribov copies, we can start by eliminating the Gribov copies present in the sector α a µ = 0. For that, according to equations (2.9) and (2.10), we shall implement the usual Gribov-Zwanziger restriction to the region Ω defined as [15, 16] 
where φ a is a scalar field, and T a βµ is an antisymmetric tensor given, respectively, by
and
The divergence of the second term in (3.4) vanishes. Therefore,
Since the operator −∂ 2 is positive definite (apart from trivial zero modes), its eigenvalues are positive, and thus the implementation of the restriction −∂D > 0 to eq. (2.6) naturally eliminates all potential copies developed by such an equation. Eq. (2.7) is formally of the Yang-Mills type. Thence, the usual Gribov restriction also eliminates the copies related to the gauge transformation of the topological parameter. It remains to deal with eq. (2.8), the third copy equation, at a first glance, the condition −∂D > 0 does not tell anything about the instantons. Due to the split of α a µ from the Helmholtz theorem, we could see that such a restriction in the first copy eq. (2.6) only acts on the usual Yang-Mills transformation of the gauge field. The operator associated to the second term-related to the topological shift-gives positive eigenvalues, due to its specific nature in Euclidean space.
We could think about an analogous procedure to eliminate the copies arising from the third equation (2.8). Rewriting eq. (2.8) as
we could employ the extra Gribov-like restriction iΘ ab µνβ ≡ iΘ > 0, i.e., we would impose positive eigenvalues for the operator iΘ. From this extra condition the copies concerning the instanton configuration are eliminated. This could be done by introducing a no-pole condition for the propagator involving the topological ghost field ψ a µ and the antisymmetric fieldχ a µν in strict analogy with the usual Gribov-Zwanziger construction. As we can see in the action (1.11), the tree-level propagator χ However, eventually we do not want to tamper with specific instanton properties that are pivotal to the introduction of the Donaldson polynomials, which are undoubtedly the observables of the theory [1, 13] . For a particular SU(2) instanton, at least, we will see explicitly that no other restriction is necessary to eliminate the gauge fixing ambiguity, inspired by the observations of [22] .
We recall that Witten noted that the partition function Z of his topological theory is independent of changes of the coupling constant g 2 (as long as g 2 = 0). He used this liberty to compute the observables in the weak coupling limit, g 2 → 0, from which he obtained the Donaldson polynomials. The evaluation of Z in the weak coupling limit means that the theory is dominated by the classical minima. These minima correspond to the (anti-)instanton configurations F a µν = ± F a µν , where the " + " sign corresponds to instanton, and " − " to antiinstanton solutions. Once it was proven that the observables of the Witten and Baulieu-Singer theories are the same (see for instance [14] ), we should then consider the instanton characterization not as a gauge fixing condition, but as a physical requirement in order to obtain the correct degrees of freedom that correspond to the description of all global observables. This was also stressed in [3] : condition (1.9) does not completely fix the gauge, on purpose, to be left with the finite set of degrees of freedom describing the instantons, the latter being exactly the kernel of (1.9).
We can observe this fact from the instanton solutions in the vicinity of A The two last equations are precisely the two equations above concerning the infinitesimal instanton moduli. We obtain here the same situation as present in Witten theory, see [1] ; the only difference is the gauge choice. If we want to reproduce exactly Witten equations, we should use the gauge constraint D , the number of the fermion zero modes is the same. This relation is a characteristic feature of a topological theory. From it, topological invariants of four-dimensional Riemannian manifolds are naturally reproduced. If we employ the (unnecessary) restriction iΘ > 0, we would modify this subtle relation without any physical motivation. The restriction iΘ > 0 will impede the existence of infinitesimal instanton solutions, inasmuch as the operator is the same in the third copy equation.
We used the Gribov-like restriction method for the operator iΘ just as a (logical) example, but any attempt to restrict the eigenvalues of iΘ should directly affect the instanton dynamics, as we can see from equations (3.8) and (3.10). It is latent that such extra restriction is not required. We can illustrate this observation further by taking as example the instantons in SU(2) Yang-Mills theory with winding number equal to one, which can be treated analytically by following the steps below.
In the SU(2) Yang-Mills theory, the instanton field with winding number 1 is given by the expression (see e.g. [24] ) 14) where λ denotes the "size" of the instanton, while the real constant antisymmetric matrices ζ a are the 't Hooft tensors that obey the algebra
As we can see, 16) which means that the (regular) instanton field is transverse and in the Landau gauge. From the latter transversality of the instanton field, the eigenvalue equation for the FP operator (3.2), 17) takes the form
We immediately notice that this instanton has three trivial constant zero-modes. The other zero modes (thus giving ω = 0) of eq. (3.18) were explicitly constructed in [22] . This means that the instanton belongs to the Gribov horizon ∂Ω.
There is no strict proof that all instantons (with higher winding number) belong to the first Gribov region, but to the best of our knowledge, in the cases investigated in literature, topological Yang-Mills solutions (instanton, monopole, vortex) always belong to it -see again [22] , or [25] for an example in the Maximal Abelian gauge. Let us also refer to [26] , where it was discussed that for instantons a whole family of Gribov copies does exist.
The consequence of such rich zero-mode spectrum to our problem is immediate. If we consider the Gribov restriction, −∂D > 0, for a generic gauge field in order to eliminate the Gribov copies in the first two copies equations, (2.6) and (2.7), the topological instanton configuration does not require any further restriction to the path integral domain, as the instanton already belongs to the boundary of the first Gribov region, ∂Ω (where −∂D becomes zero). One notes this property by the fact that the instantons are transverse, and the spectrum of the FP operator evaluated for an instanton displays zero modes. From the point of view of gauge copies under −∂D ≥ 0, the gauge fields obeying the (anti-)self dual condition F = ± F are well-defined. It should be clear that, if instantons are already located at the Gribov horizon, the original restriction to Ω is already sufficient to treat the Gribov problem, also in topological Yang-Mills theories. The solutions to F = ± F are elements of ∂Ω.
Summing up, the only requirement to eliminate all (infinitesimal) gauge ambiguities is then the introduction of the Gribov horizon as it commonly done for usual Yang-Mills theories.
Although all points discussed here indicate a similar behavior for a generic SU(N ) instanton field with an arbitrary winding number, a possible analytical treatment of such instantons will not be considered in this paper.
The Gribov gap equation and its triviality
We have mentioned that the tree-level exactness of the topological theory in the (A)SDL gauges [10] suggests that the Gribov copies present in our model should be inoffensive. Due to the absence of radiative corrections, the tree-level propagator of the FP ghost field in momentum space obtained from the total action (1.10),
will be valid to all orders in perturbation theory. From the expression above, one sees that the FP operator will be positive definite at the quantum level, consistent with the inverse of the FP propagator being positive, i.e., we are inside the first Gribov region, in such a way that the Gribov restriction to the path integral seems to be redundant. The origin of such behavior is the impossibility of closing loops in Feynman diagrams, as due to the vertex structures, at least one gauge field propagator is required to close loops, but A a µ (x)A b ν (y) = 0 to all orders for this gauge choice [10, 27] . We point out that the same argument holds for the analysis of the third Gribov equation (2.8) and the propagator χ a µν ψ b α 0 (p). Originally, the no-pole condition was achieved by treating the gauge field as an external source. Its quantum properties must be computed when the gauge field is integrated over. If we admit the Gribov copies to play a role in this case, we should consider that the introduction of the term that implements the restriction to the Gribov region might allow for radiative corrections, e.g. from a non-vanishing gauge propagator arising from the extra Gribov term (a metric dependent term) in the action. This might perturb the original cohomology arguments and, consequently, compromise the global properties of the topological theory at certain energy scale, this through the elimination of Gribov ambiguities. Taking into account the reasons discussed above, such behavior is highly unexpected. We will now show this in detail, first at one loop, afterwards we will generalize to all orders.
No-pole condition at one-loop
As discussed, all infinitesimal Gribov copies in the topological theory in (A)SDL gauges for the SU (2) 
is restricted to
is the normalization factor, DΦ denotes the integration measure for all fields, i.e., DΦ = DADψDcDφDcDbDφDηDχDB, while JΦ = J i Φ i denotes the coupling of each field Φ i with its respective external source J i .
In the Yang-Mills theory, the form factor V (Ω) is obtained from the no-pole condition for the FP propagator, since the imposition M ab > 0 is equivalent to forbidding the existence of poles in the FP propagator [15, 28] . In the topological case, see action (1.11), the operator M ab = −∂ µ D ab µ appears twice: in the FP ghost-anti-ghost quadratic term (treating A a µ as an external source),c∂Dc, as usual, but also in the bosonic ghost-anti-ghost term, φ∂Dφ. By applying the Gribov semi-classical method we shall see that, at one-loop order, the no-pole condition in the topological theory takes the same form as for the standard Yang-Mills case.
For this purpose, we have only to analyze the vertices present in the total action (1.10), and apply the Feynman rules for the diagrams up to the order g 2 , once we are considering the one-loop order. We should then verify which diagrams could be constructed with an incomingc-leg (φ-leg), and an outgoing c-leg (φ-leg), whereby the gauge fields work as external sources. Let us start with the FP ghost propagator.
(i) FP ghost propagator. Using the following notation for the ghost propagator at one-loop with A as an external source,
our aim is to calculate σ(k, A), which represents the loop correction to the tree-level part 1/k 2 . Firstly, we must note that the FP anti-ghost,c, only propagates to c and ψ through the propagators cc 0 and cψ 0 at the tree-level, respectively. Therefore, if we start with an incomingc, we can propagate it to the vertices (a)φcψ, (b)χ∂Aψ, (c)χcA, (d)χcAA, or (e)cAc. The first one does not produce external A-legs. If we propagatec to the vertex (b) through cψ 0 , we will get an external A-leg, and an internalχ-leg. Sinceχ only propagates to ψ through χψ 0 , we could only connect at one-loop order the vertex (b) to another vertexχ∂Aψ, producing one more time an external A-leg, and an internalχ, in such a way that we cannot generate an outgoing c. For the vertices (c) and (d), we fall back to the same situation: we generate external A-legs, but always accompanied by the internal χ-leg that never propagates to c in the end. We conclude that the only possibility to get an outgoing c fromc with only external A-legs is to construct the diagram by using the vertex (e) 6 . Namely, for
we construct the diagrams
The possible diagrams are reduced to the same diagrams of the standard Yang-Mills theory. We conclude that the no-pole condition for the FP ghost propagator in this topological model gives the same result of the one found for Yang-Mills theory. The Feynman rule for the vertexc
, where the incoming momentum k µ stems fromc. Hereafter, just to remember, these diagrams represent, in d dimensions, the three integrals below
7)
8)
As it is known [15, 18] , we must disregard I 2 . Due to the vertex and propagator structure of the total action (1.10), there is no way to close loops from the second diagram after integrating over the gauge field. Replacing (4.7) and (4.9) into G(k 2 , A) (4.5) yields
therefore, from (4.4),
wherein V is the infinite volume factor, and N = 2 as we are working with SU(2). For small σ(k 2 , A), the Born approximation may be employed, 12) the no-pole condition that corresponds to the restriction of the domain to the Gribov region reads
As σ(k, A) decreases for increasing k 2 (see [29] ), the condition above is equivalent to imposing
14)
where, taking the limit k 2 → 0 in (4.11), 15) which defines the form factor V (Ω) as the theta function 16) or, using the Heaviside expression,
We should then introduce this factor into the path integral in order to implement the elimination of the gauge copies. We must do the same procedure to eliminate possible copies in the bosonic ghost propagator, but as we will see now, the no-pole condition (4.14) for the bosonic ghost is valid for both, the FP and bosonic ghosts.
(ii) Bosonic ghost propagator. The proof of the last statement is immediate. The bosonic anti-ghost fieldφ only propagates to φ through φ φ 0 , thus an incomingφ, we can only connect to the vertexφAφ. Aftermath, the construction of the Feynman diagrams up to g 2 order with A fields as external sources takes the same form of the FP case, see (4.6), only replacingc byφ, and c by φ. The Feynman rules are exactly the same, consequently the no-pole condition for the bosonic ghost generates the same expression for σ(k, A), and the condition (4.14) is valid for the FP and bosonic ghost sectors.
In a few words, although the complex structure of the total action (1.10), in which there are two ghosts sectors to implement the no-pole condition, for the FP ghost sector and the bosonic one, the elimination of all Gribov copies in the topological Yang-Mills in the (A)SDL gauges for SU (2) instantons is achieved by introducing in the path integral a form factor V (Ω) (4.17) which is identical to the one obtained in the usual Yang-Mills theory in the Landau gauge.
Gap equation at one-loop
From (1.10), (4.3) and (4.17), the generating functional for the first Gribov region takes the form
in which Φ ′ denotes all fields except the gauge field. The effective potential, Γ, is defined as usual by 19) where ε represents the vacuum energy. In order to calculate Γ at one-loop order, Γ
= V ε (1) , we must select only the quadratic part of the total action S (here σ(0, A) is already quadratic as it was only calculated up to one-loop order), namely, 
Taking into account all quadratic terms,
wherein
Therefore,
where,
We also changed the variable ξ 2 → ξ 2 V to pull out explicitly the volume factor here, to make clear that the action is an extensive quantity (∼ V ).
Calculating the determinant, we find 27) where 28) and k refers to momenta in Fourier space. Working out the last term of (4.27), we get
Taking the thermodynamic limit and employing dimensional regularization, the last term vanishes. Therefore
In the limit α → 0, this term also vanishes. In the end,
which could be rewritten as
In dimensional regularization, not only the last term is zero, but also the first one, as we should still take the limit β → 0. We conclude that 
Extension to all orders
Let us now extend the result (4.34) and prove that is valid to all orders in perturbation theory. Therefore, we will rely on the local version of the horizon function. Following the steps of [16, 17] , the restriction to the region Ω to all orders is given by considering the following partition function,
where S is defined in (1.10) and H(A) is the Zwanziger horizon function,
Notice that H(A) reduces to
at lowest order, in fact recovering σ(0, A) of the no-pole condition at one-loop (4.15)
8
. In the all-order Gribov-Zwanziger formalism, the Θ-function is also replaced by a δ-function in the thermodynamic limit [16, 17] , V → ∞, as we have made explicit before.
The non-local horizon function H(A) can be equivalently written in a local form through a pair of bosonic auxiliary fields (φ, ϕ) ab µ and a pair of anticommuting fields (ω, ω) ab µ [17] . In the current case, it means replacing the exponent of (4.35) by the local action
In the local formulation, the gap equation reads [17] ∂ε ∂γ 2 = 0 . At one-loop order, the geometric interpretation of thermodynamic limit is very simple: the Gribov no-pole condition (4.14), replacing
where r
The expression above can be interpreted as an hypersphere in an infinite dimensional space. As it is well-known for hyperspheres, as the dimension grows, the volume of a hypersphere is getting more and more concentrated on the boundary, i.e., on the hypersurface defined, in our case, by the ellipsoid . We immediately get that all higher order terms to the vacuum energy vanish, just as the ln det. As such, by employing the gap equation (4.38) which is valid to all orders, we can infer that the massive Gribov parameter vanishes to all orders in the thermodynamic limit. In this way, the global (topological and cohomological) properties of the original action are not violated and we come to the main result of this paper: quantization of the topological theory remains valid as it is, the resolution of the infinitesimal ("small") Gribov copy problem is trivial as the intrinsic topological features of the theory self-consistently forbid the introduction of the Gribov mass, the crux of the Gribov-Zwanziger restriction [15] [16] [17] when it comes to changing the structure of the theory.
Notice that we tacitly remained silent here about "large" Gribov copies, that are not related to FP zero modes. To deal with those, a further restriction to a subregion of Ω would be necessary, viz. the fundamental modular region Λ that is related to global minima of the minimizing functional min u∈SU(N ) d 4 xA u µ A u µ , whereas Ω is related to local minima. We will have nothing more to say about this [21] . As of now, it is completely unknown how to restrict in practice to Λ that lacks a simple description as Ω in terms of (3.1). At best, we can refer to [32] where some partial argument-for standard Yang-Mills gauge theories-was provided that averaging over gauge configurations restricted to Ω or Λ give coinciding expectation values for the observables of Yang-Mills theories.
Further evidence
Before ending, we find it instructive to present yet another argument why a null Gribov parameter is also in full accordance with the possibility of a vanishing β-function discussed in [27] . Indeed, the variation of the full action with respect to the coupling constant gives a BRST-exact term (up to boundary terms), with Z the generating functional. It means that the theory is insensitive to changes of the coupling constant, in other words, that the theory has no scale. This can be re-expressed by the theory not having a β-function, which makes impossible the feature of dimensional transmutation. Indeed, the Gribov gap equation is nothing but a tool giving γ 2 ∝ Λ 2 , Λ ∼ µe − 1 β 0 g 2 (µ) being the fundamental scale of the theory if µ is the renormalization group scale; a quantity directly related to the β-function [33] . However, in the absence of the latter, it holds that Λ ≡ 0 and a classically massless (or better said scale invariant) theory will remain so at the quantum level. A rather similar situation showed up in the super N = 4 Yang-Mills theory which possesses a vanishing β-function. The absence of a renormalization group invariant scale makes it impossible to attach a dynamical meaning to the Gribov parameter, in such a way that the restriction to the first Gribov region is not required [34] .
